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a b s t r a c t
This present work examines the effect of thermal radiation on inherent irreversibility in
the flow of a variable viscosity optically thin fluid through a channel with isothermal
walls. First and Second Laws of thermodynamics are employed in order to analyze the
problem. The simplified governing non-linear equations are solved analytically using
a perturbation method coupled with a special type of Hermite–Padé semi-analytical
technique. Expressions for dimensionless velocity and temperature, thermal criticality
conditions and entropy generation number are obtained. Both numerical and graphical
results are presented and discussed quantitatively with respect to various parameters
embedded in the problem.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Most fluids used in engineering and industrial systems can be subjected to extreme conditions, such as high temperature,
pressure and shear rate. External heating and high shear rates can lead to high temperature being generated within the
fluid. This may have a significant effect on the fluid properties. It is well known that the most sensitive fluid property
to temperature rise is the viscosity. For example, when the temperature increases from 10 ◦C (µ¯ = 0.0131 g/cm s)
to 50 ◦C (µ¯ = 0.00548 g/cm s), the viscosity of water decreases by 240% [1–3]. Moreover, any substance with a
temperature above absolute zero transfers heat in the form of radiation. Thermal radiation always exits and can strongly
interact with convection in many situations of engineering interest. Convection in a channel in the presence of thermal
radiation continues to receive considerable attention because of its importance in many practical applications like a
furnace, combustion chamber, cooling tower, rocket engine, and solar collector [4,5]. In Cogley et al. [6], the differential
approximation for radiative heat transfer in a nonlinear equation for gray gas near equilibrium was proposed. Akiyama
and Chong [7] numerically analyzed the influence of gray surface radiation on convection of nonparticipating fluid in a
rectangular enclosed space. Chawla and Chan [8] studied the effect of radiation heat transfer on thermally developing
Poiseuille flowwith scattering. The interaction of thermal radiationwith conduction and convection in thermally developing,
absorbing–emitting, nongray gas flow in a circular tube is investigated by Tabanfar andModest [9]. The contemporary trend
in the field of heat transfer and thermal design is the Second Law (of thermodynamics) analysis and its design-related
concept of entropy generation minimization (see Bejan [10]). Entropy generation in thermal engineering system destroys
available work called exergy of the system and thus reduces its efficiency. Many studies have been published to assess the
sources of irreversibility in components and systems [11–15].
Meanwhile, the thermal boundary layer equation for variable viscosity fluids in the presence of thermal radiation
constitute a nonlinear problem and the long-term behavior of the solutions in space will provide us with an insight into
inherently complex physical process of thermal instability in the system. The theory of nonlinear differential equations
is quite elaborate and their solution remains an extremely important problem of practical relevance in sciences and
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Fig. 1. Schematic diagram of the problem.
engineering. Several numerical approaches have developed in the last few decades, e.g. finite differences, spectral method,
shooting method, etc. to tackle this type of problem [1,16]. More recently, the ideas on classical semi-analytical methods
have experienced a revival, in connection with the proposition of novel hybrid numerical-analytical schemes for nonlinear
differential equations. In the category this semi-analytical techniques are; Hermite–Padé Approximation Method (HPAM)
Variational Iteration Method (VIM), Homotopy Perturbation Method (HPM), Adomian Decomposition Method (ADM)
[17–22]. Usually, for a given nonlinear problem, these methods yield rapidly convergent series solutions by using a few
iterations for the equations. These methods, over the last few years, proved itself as a powerful benchmarking tool and a
potential alternative to traditional numerical techniques in various applications in sciences and engineering. These semi-
analytical methods are also extremely useful in the validation of a purely numerical scheme.
Considering the importance of variable viscosity and thermal radiation effects on entropy generation rate, the problem of
inherent irreversibility in the flow of a temperature dependent variable viscosity optically thin fluid through a channel with
isothermal walls is studied using Hermite–Padé semi-analytical approach. The plan of this paper is as follows; in sections
two and three we describe the theoretical formulation of the problem with respect to the fluid velocity and temperature
fields. In section four we introduce and apply some rudiments of Hermite–Padé semi-analytical technique [17,18] in order
to obtain the criticality conditions in the system. Section 5 describes the volumetric entropy generation rate, irreversibility
distribution ratio and the Bejan number. The results are presented graphically and discussed quantitatively in Section 6.
2. Mathematical model
Consider an optically thin variable viscosity fluid flowing steadily through a channel of uniform half width H under the
action of a constant axial pressure gradient with isothermal walls as shown in Fig. 1. Most fluids of technological importance
may be adequately described by the assumption of an optically thin fluid, and the behavior of a thin fluid near the boundary
(solid vertical walls) is the knowledge we need for the present problem. Because of its negligible absorption, the thin fluid
is usually influenced by the geometry of the enclosures, and its behavior near a boundary depends on this geometry as well
as on the boundary itself. Based on above discussions, a simplified mathematical model can be proposed for approximating
the radiative heat flux term (∂ q¯r/∂ y¯), according to Cogley et al. [6], as follows
∂ q¯r
∂ y¯
= 4γ 2(T¯ − T0) (1a)
where
γ 2 =
∫ y
0
δζ
∂B
∂ T¯
, (1b)
is the radiation absorption coefficient, B is the Planks’ function and δ is the frequency. Following [3], the temperature
dependent viscosity (µ¯) can be expressed as
µ¯ = µ0e−α(T¯−T0), (2)
where µ0 is the dynamic viscosity at the fluid reference temperature T0.
Under these conditions the continuity, momentum and energy equations governing the problem in dimensionless form
may be written as [2];
∂u
∂x
+ ∂v
∂y
= 0, (3)
ε2Re
(
u
∂u
∂x
+ v ∂u
dy
)
= −∂p
∂x
+ 2ε2 ∂
∂x
(
µ
∂u
∂x
)
+ ∂
∂y
[
µ
(
∂u
∂y
+ ε2 ∂v
∂x
)]
, (4)
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ε4Re
(
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= −∂p
∂y
+ 2ε2 ∂
∂y
(
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∂v
∂y
)
+ ε2 ∂
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µ
(
∂u
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, (5)
ε2Pe
(
u
∂T
∂x
+ v ∂T
∂y
)
= ε2 ∂
2T
∂x2
+ ∂
2T
∂y2
− RT + µΦ, (6)
where
Φ = Br
[
2ε2
(
∂u
∂x
)2
+ 2ε2
(
∂v
∂y
)2
+
(
∂u
∂y
+ ε2 ∂v
∂x
)2]
. (7)
We have employed the following non-dimensional quantities in Eqs. (2)–(6):
y = y¯
εL
, x = x¯
L
, u = u¯
U
, v = v¯
εU
, ε = H
L
, µ = µ¯
µ0
, T = T¯ − T0
Tw − T0 , P =
ε2LP¯
µ0U
,
β = α(Tw − T0), Br = µ0U
2
k(Tw − T0) , Pe =
ρcpLU
k
, Re = ρUL
µ0
, R = 4γ
2H2
k
,
(8)
where ρ is the fluid density, k is the thermal conductivity, T¯ is the fluid temperature, Tw is the channel walls temperature, L
is the channel characteristic length, U is the velocity scale, β is the viscosity variation parameter, wall temperature, u¯ is the
axial velocity, v¯ is the normal velocity, cp is the specific heat at constant pressure, P¯ is the pressure, Pe is the Peclet number,
Br is the Brinkman number, R is the radiation parameter, Re is the Reynolds number, x¯ and y¯ are distances measured in
streamwise and normal direction respectively. Since the channel is narrow and the aspect ratio 0 < ε  1, the lubrication
approximation based on an asymptotic simplification of the governing Eqs. (2)–(6) is invoked and we obtain,
0 = −∂p
∂x
+ ∂
∂y
(
µ
∂u
∂y
)
+ O (ε2) , (9)
0 = ∂p
∂y
+ O (ε2) , (10)
0 = ∂
2T
∂y2
− RT + µBr
(
∂u
∂y
)2
+ O(ε2), (11)
whereµ = e−βT . The appropriate boundary conditions in dimensionless formare given as follows: the surface of the channel
is fixed, impermeable and maintained at a given temperature:
u = 0, T = 1, at y = 1, (12)
and the symmetry condition along the centerline i.e.
∂u
∂y
= ∂T
∂y
= 0, at y = 0. (13)
Eqs. (9)–(11) subject to the boundary conditions can be easily combined to give
du
dy
= −GyeβT , d
2T
dy2
+ λ(y2eβT − Ra T ) = 0, (14)
where G = −∂P/∂x, λ = BrG2 and Ra = R/BrG2. In the following sections, Eq. (14) is solved using both perturbation and
multivariate series summation techniques [17,18].
3. Solution method
Due to the nonlinear nature of the velocity and temperature field equations in (14), it is convenient to form a power
series expansion both in the parameter λ, i.e.,
u =
∞∑
i=0
uiλi, T =
∞∑
i=0
Tiλi. (15)
Substituting the solution series in Eq. (15) into Eq. (14) and collecting the coefficients of like powers of λ, we obtained and
solved the equations for the coefficients of solution series iteratively. The solutions for the velocity and temperature fields
O.D. Makinde / Computers and Mathematics with Applications 58 (2009) 2330–2338 2333
are given as;
u(y) = −1
2
Geβ(y2 − 1)+ 1
72
eβGβ(y2 − 1)2(y2eβ + 2eβ − 9Ra)λ− 1
60480
Geββ(y2 − 1)2(30(eβ)2βy6
− 441eββRa y4 − 21Ra y4eβ + 60(eβ)2βy4 + 420Ra2y2
− 42βRa y2eβ − 50(eβ)2βy2 + 1260βRa2y2 − 42Ra y2eβ
+ 987eββRa+ 567eβRa− 2940Ra2 − 1260βRa2 − 160(eβ)2β)λ2 + O(λ3) (16)
T (y) = 1+ 1
12
(y2 − 1)(−y2eβ + 6Ra− eβ)λ− 1
10080
(y2 − 1)(−15(eβ)2βy6 + 28Ra y4eβ + 168eββRa y4
− 15(eβ)2βy4 − 420Ra2y2 + 55(eβ)2βy2 − 252βRa y2eβ
+ 28Ra y2eβ − 392eβRa+ 2100Ra2 + 55(eβ)2β − 252eββRa)λ2 + O(λ3). (17)
Using a computer symbolic algebra package (MAPLE) [23], the first few terms of the above solution series in Eqs. (16) and
(17) are obtained. We are aware that these power series solutions are valid for very small parameter values. However, using
Hermite–Padé approximation technique, we have extended the usability of the solution series beyond small parameter
values, as illustrated in the following section.
4. Hermite–Padé approximation technique
Determination of thermal criticality or non-existence of steady-state solution to nonlinear reaction diffusion problems for
certain parameter values is extremely important from an application point of view. This characterizes the thermal stability
properties of the materials under consideration and the onset of the thermal runaway phenomenon. In order to determine
the criticality conditions in the system, we employ a special type of Hermite–Padé approximation technique [17,18]. Let
UN(λ) =
N∑
i=0
aiλi + O(λN+1), as λ→ 0, (18)
be a given partial sum. It is important to note here that Eq. (18) can be used to approximate any output of the solution of
the problem under investigation (e.g. the series for the wall heat flux parameter in terms of Nusselt number Nu = −dT/dy
at y = 1), since everything can be Taylor expanded in the given small parameter. Assume U (λ) is a local representation of
an algebraic function of λ in the context of nonlinear problems, we seek an expression of the form
Fd(λ, u) =
d∑
m=1
m∑
j=0
fm−j,jλm−jU j, (19)
of degree d > 2, such that
∂Fd
∂u
(0, 0) = 1 and Fd(λ,UN) = O(λN+1), as λ→ 0. (20)
The requirement (20) reduces the problem to a system of N linear equations for the unknown coefficients of Fd. The entries
of the underlyingmatrix depend only on theN given coefficients ai andwe shall takeN = 12 (d2+3d−2), so that the number
of equations equals the number of unknowns. The polynomial Fd is a special type of Hermite–Padé approximant and is then
investigated for bifurcation and criticality conditions using the Newton diagram, Vainberg and Trenogin [16].
5. Second law analysis
Flow process in a channel with isothermal walls in the presence of thermal radiation is inherently irreversible [14,1]. The
nonequilibrium conditions arise due to the exchange of energy and momentum, within the fluid and at solid boundaries.
This causes continuous entropy generation. One part of this entropy production is due to the heat transfer in the direction
of finite temperature gradients, which is common almost in all types of thermal engineering applications (see Bejan [10]).
Another part of the entropy production arises due to the fluid friction and is generally termed as fluid friction irreversibility.
Following Bejan [11,12], the volumetric rate of entropy generation can be expressed as
Sm = k
T 20
(∇ T¯)2 + µ¯
T0
Φ. (21)
The first term in Eq. (21) is the irreversibility due to heat transfer and the second term is the entropy generation due to
viscous dissipation. Using Eq. (21), we express the entropy generation number in dimensionless form as,
Ns = H
2T 2wS
m
k(Tw − T0)2 =
(
∂T
∂y
)2
+ µBr
Ω
(
∂u
∂y
)2
+ O(ε2), (22)
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Table 1
Computations showing the procedure rapid convergence (β = 1, Ra = 0.1).
d N Nu λc
2 4 3.99481202 2.4113343209
3 8 3.99316644 2.4113589261
4 13 3.99316638 2.4113589231
5 19 3.99316638 2.4113589231
Table 2
Computations showing thermal criticality conditions for different parameter values.
Ra β Nu λc
−0.1 1.0 4.025747 1.825499
0.0 1.0 4.000000 2.077723
0.1 1.0 3.993166 2.411358
0.3 1.0 4.146917 3.793544
0.1 1.5 2.645014 0.902745
0.1 2.0 1.986400 0.397072
whereΩ = (Tf − T0)/Tf is the temperature difference parameter. In Eq. (22), the first term can be assigned as N1 and the
second term due to viscous dissipation as N2, i.e.
N1 =
(
∂T
∂y
)2
, N2 = µBr
Ω
(
∂u
∂y
)2
= BrG
2y2eβT
Ω
. (23)
In order to have an idea whether fluid friction dominates over heat transfer irreversibility or vice-versa, Bejan [10–12]
defined the irreversibility distribution ratio as Φ = N2/N1. Heat transfer dominates for 0 6 Φ < 1 and fluid friction
dominates when Φ > 1. The contribution of both heat transfer and fluid friction to entropy generation are equal when
Φ = 1. In many engineering designs and energy optimisation problems, the contribution of heat transfer entropy N1 to
overall entropy generation rate Ns is needed. As an alternative to irreversibility parameter, the Bejan number (Be) is define
mathematically as
Be = N1
Ns
= 1
1+ Φ . (24)
Clearly, the Bejan number ranges from0 to 1. Be = 0 is the limitwhere the irreversibility is dominated by fluid friction effects
and Be = 1 corresponds to the limit where the irreversibility due to heat transfer by virtue of finite temperature differences
dominates. The contribution of both heat transfer and fluid friction to entropy generation are equal when Be = 1/2.
6. Results and discussion
The Hermite–Padé approximation procedure in Section 4 above was applied to the first few terms of the solution series
obtained in Section 3 and we obtained the results as shown in Tables 1 and 2.
The result in Table 1 demonstrates the rapid convergence of Hermite–Padé approximation procedure with gradual
increase in the number of series coefficients utilized in the approximants. It is interesting to note from Table 2 that the
magnitude of thermal criticality (λc) increases with an increase in the fluid viscosity (i.e. β decreases) and a positive
increase in the values of radiation parameter (Ra > 0), hence preventing the early development of thermal runaway and
enhancing thermal stability in the system. Meanwhile, increasing negative values of radiation parameter due to radiative
heat absorption within the fluid may lower the value of the criticality parameter and enhances thermal runaway in the
flow system. In Figs. 2 and 3, the velocity profiles are reported for increasing positive values of the radiation parameter and
viscosity variation parameter (β). The fluid velocity profile attains its maximum value along the central core region of the
channel andminimum at thewalls. Increasing positive values of Ra have a tendency to slow down themovement of the fluid
due to radiation heat loss, as illustrated in Fig. 2. The opposite result is observed with an increase in the positive value of
viscosity variation parameter i.e. a decrease in fluid viscosity results into an increase in the fluid velocity as shown in Fig. 3.
The fluid temperature is plotted as a function of transverse distance y in Figs. 4 and 5. A decrease in the fluid temperature
around the central region of the channel is observed. This temperature decrease is further intensified with an increasing
positive value of the radiation parameter. Moreover, an increase in the fluid temperature is observed with a decrease in
fluid viscosity, as shown in Fig. 5. A slice of the bifurcation diagram for Ra > 0 in the (λ, Nu) plane is shown in Fig. 6. It
represents the variation of wall heat flux (Nu) with viscous heating parameter (λ). In particular, for β > 0, there exists a
critical value λc (a turning point) such that, for 0 6 λ < λc there are two solutions (labelled I and II). The upper and lower
solution branches occur due to the nonlinear nature of the governing thermal boundary layer equation Eq. (14). For λc < λ
the system has no real solution and displays a classical form indicating thermal runaway. Figs. 7 and 8 display results for the
entropy generation rate versus the channel width for various parametric values. Generally, the entropy generation rate is
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Fig. 2. Velocity profile: G = 1; β = 0.1; Br = 1; Ra = 0.1; oooooRa = 3.0;++++ Ra = 5.0.
Fig. 3. Velocity profile: G = 1; Ra = 1; Br = 1; β = 0.1; oooooβ = 0.5;++++ β = 1.
Fig. 4. Temperature profile: G = 1; β = 0.1; Br = 1; Ra = 0.3; oooooRa = 0.4;++++ Ra = 0.5.
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Fig. 5. Temperature profile: G = 1; Ra = 0.5; Br = 1; β = 0.1; oooooβ = 0.5;++++ β = 1.
Fig. 6. A slice of approximate bifurcation diagram in the (λ,Nu(β = 1, Ra = 0.1)) plane.
at the lowest in the region around the channel centerline and increases quite rapidly to its maximum values at the channel
walls. We note that increasing values of Ra results in a decrease in the entropy generation rate while an increase β results
in an increase in the entropy generation rate. Figs. 9 and 10 display the Bejan (Be) number versus the channel width. We
observed that heat transfer irreversibility increasingly dominates at the walls with increasing values of β while around the
centerline region of the channel the fluid friction irreversibility increasingly dominates, as shown in Fig. 9. Furthermore,
it is interesting to note that increasing positive values of Ra result in an increase in the dominant effect of fluid friction
irreversibility at the walls coupled with an increase in the dominant effect of heat transfer irreversibility around the central
core region of the channel, as illustrated in Fig. 10.
7. Conclusion
In this paper, a novel hybrid numerical-analytical scheme based on a special type of Hermite–Padé approximants is
employed to investigate the effect of thermal radiation on the entropy production rate and criticality conditions for optically
thin variable viscosity fluid flowing through a channel flow with isothermal walls. The procedure reveals accurately the
thermal stability conditions and various solution branches. The volumetric entropy generation rate and the Bejan number
depend on group parameter (BrΩ−1), Radiation parameter (Ra) and viscosity variation parameter (β). A decrease in the
fluid viscosity enhances both entropy generation rate and the dominant effect of heat transfer irreversibility near the walls,
while an increase in the thermal radiation parameter inhibit both the entropy generation rate and the dominant effect of
heat transfer irreversibility at thewallswhile the dominant effect of heat transfer irreversibility around the centerline region
of the channel is enhanced.
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Fig. 7. Entropy generation rate: β = 0.1; G = 1; BrΩ−1 = 0.1; Ra = 0; oooooRa = 0.1;++++ Ra = 0.3.
Fig. 8. Entropy generation rate: Ra = 0.1; G = 1; BrΩ−1 = 0.1; β = 0.1; oooooβ = 0.5;++++ β = 1.
Fig. 9. Entropy generation rate: Ra = 0.1; G = 1; BrΩ−1 = 0.1; β = 0.1; oooooβ = 0.5;++++ β = 1.
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Fig. 10. Bejan number: β = 0.1; G = 1; BrΩ−1 = 0. 1; Ra = 0; oooooRa = 0.1;++++ Ra = 0.3.
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